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Discontinuous problems

The classical continuum theory of solid mechanicsbasically employs partial
derivativesin the equationof motion andaccordinglyrequiresthe differentiability of
the displacementfield. Such an assumptionbreaks down when simulation of

problemscontainingdiscontinuitiessuchascracks comesnto thepicture
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Fundamentals of peridynamics

A The equation of motion is defined by means of an integral operator as:

pit(x;,t) = f f(u(x;,t) —u(x;,t), x; — x;)dV; + b(x;,t) V X;€ Hy;
Hxl

* The Pairwise Force Function expresses the vector force of
the interaction (called bond} between x; and x;

{+m
1§ + nll

fm8) =it

u - displacement vector field

p = mass density

b - body force density

§=x;-x; -> initial relative position
n-= u —u, - relative displacement




Fundamentals of peridynamics

A The PairWise force function is defined, for a linear elastic material, by means of the

following expression (on plane behavior):
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— bond stretch

E = Young’s modulus
G, = Fracture energy in mode |



Numerical discretization

In the numerical implementation of the peridynamic approach, the body is
discretized into grid points called nodes.

- AVi

Discretization:

Dynamic analysis formulation

rat =g fu! - ul',x; - x)3 V+b!
j

Static analysis formulation

O=a f(uj-u’,x,-x)3 V+by
j

] |

Explicit solver

Implicit solver



Damage under high cycle fatigue

A Light weight structures with high resistance and stiffness
A Ocean, Maritime in coastal engineering

A Aerospace engineering

A Industrial engineering and transportation industry




Cylinder model

A Consider a cylinder of radil®which, under statitbading, rollsin a
clockwise directioron a horizontasurface.

A The lower layer is fixed. The upper layer adherdabéosurfac®f the
cylinder at the contact point, andremainsadhered.

A Asthecylinder rotatesind the contagioint advances dbe cylinderrolls

alongthe horizontal surface the angle swept through by OA is the rotdtion,
of the cylinder

Upper zero-thickness layver
/ ah._

-+ Lower zevo-thuckness layer




In fatigue problems two components of damagecarsidered
1-Static damage . D,

2-Fatigue damage—— D;

Stiffness degradation damage

In this approach thtal damage¢O, can be considered a measure of the degradation
of the initial stiffness

s=(1 @)K C Kis thestiffness:K =5,/ ¢

CA

1 — Elongation in a spring O ©O

‘O canbewritten as

€0 0¢d ¢g
Lq ~
0, =157 5 =2 B4, <d < 5
16 d ¢d ods
11 az g :



Static and Fatigue degradation strategies

Rate of change of the static damage

D. d ¢ d
l'l' S — 0 d > dO < d <C
i a -4 °d
a, @ al 1
Ds + N Ds = C
A AR
First strategy
Fatigue damage Strategi Second strategy

Third strategy
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First strategy

Fatiguerateis _

ag ¢
[ :CelDaecl ¢
HUIN (;0:; =
2y W
Incremenif fatigue damage D -D. =N gondm O
f N+ D f N x , 0
1+ b a =
¢
Theincrement of total damage due to an increment of the number of ¢ybless
1+bH
d, dal 1 O C a3
Dy, m- Dy = d ., 0O NID._e/D'Z —ge

Dm = (1 -HDDN -HDN+ N

dm:(l - ,)7Nd + N,-p[lgl
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Second strategy

Failure elongation of a spring in each increment of load cphile, is afunction
of displacemenasfollows

cN+[N QIN 'B( I\d+ND 'o)nd NL

a. . o - 1Sthe failure displacement of a spring aftir+ DN loadcycles

B, n: Constantgelated to the material behaviour

%b Qo 31 1
cN+[N Ql(;o N% 12

The total damage: D,, , =



Third strategy

It is assumed that tHatigue damage term has an expression as

. 3.0' O
[ HAiger 6
LUN ga’ -
N+ DI o My
~ HD; al a Q’ 0
dNO m [ .
M AR )

0 and& areonstants related to the material behaviour
O'N+ p - displacement of each spring aft® + M loadcycles

The increment of total damage due to an increment of the number of cycles (giN) is

0, =R ELE o San g

I
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&Exact sloped(dX,.,{dN) computed numerically using a small value

of g I(=0.009 andgiN (=100.
The value of théexact slopéis the same for althree formulations.
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Therefore, the simple cylinder model seems to suggest that the third fatigue
law is preferable 14



Peridynamics implementation of the fatigue model

Using a bilinear constitutive law, omeay defineghe pairwise force

function magnitude P

e f(s)=cs 0¢s & :
lf(9)=c@-D)s 3 s s
b f(s)=0 S 25 O\ L
SO SC Ry
Double cantilever Beam Peridynamic Example
%10° Initial structure . Deformed structure
_ 4t 4
E E
6 5 Distance [r:1§J 1I5 x10° ° é Distance (rr:)i0 15 <107
L =0.0161m = 0.00t = ~
W = 0,009 a=0.005m D =%6.27 10° i 500
= U. cm = . :
k =20 grid spacingd DI =.06 10* m DN =4 1000
E=70 GPa M_ =0.048 Nir _ , 10000
i DI .25 10" nr _50000 15




Crack Length [m]

In this example, the crack length with respect to the number of load d\cles,

Is computed by using the three fatigue strategies
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Second Law

s«ss AL=1.25e-4 AN=10000
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Crack Length [m]

Third Law
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%10°

N [evcles]

Both the cylinder model and the DCB discretized with pleedynamicbased code confirm that

the third law is the best of the three considered in the present work because it is more stable
respect to the variations of the discretization parameters and it is cheaper from a computat

point of view.
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Simulation of thermo-mechanical problems in
brittle materials

A Propulsion systems of space rockets
A Nuclear fuel pallets
A Engine of the aircrafts

Vernier Rocket




Some issues: Uniform discretization

In theconventional wawyf numerical implementatiohe body idiscretized
into auniform grid of points called nodegApproach bySilling, SA; Askari, E)

m=d/[k =2.25 in the figure

Discretized formulation in dynamic analysis

SaB LS ICHTRIE CHICRE UV
ja - w6y 4, EHI) E

A Due to multiple nonlocal interactions,

peridynamic models are most often
computationally more expensitleat classical
models

Norntuniform discretization (variable horizon)
leads tospurious reflection of waveand
emergence ofhost forces

The whole domain must be refined when a denser
grid spacing for localized areas is required; for
instancejn the case of crack propagatiand
multi-scale modelling of materials 18



Discretization strategy

A the solutiordomain, W, isdivided into two subdivisiondV' and W

A In this study, it is assumed that the finely discretizee, W grows
only where it is essential

A "Q: Heatsource due to volumetric heat generation
A Thermal boundary conditions

Temperatured Heatflux(c ), Convection@ andradiation (& )

19
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Adaptivity
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Quenching test of rectangular specimen underentral
thermal shock

Mechanical, thermal and geometric properties of the domain under exam.

Specific heat 880 ] kg! K
Thermal expansion coeff. 72 pK!
Thermal conductivity 18w m' K!
Bulk modulus 227 GPa
Shear modulus 136 GPa
Density 3950 kg m~?
Fracture toughness 42.27 | m?
Width X 6 cm

Depth Y 6 cm

g, =680 K — Initial temperature

g, =300K — Thetemperature of the surfaces contacted with water

ag;@uzhw @
Ax

00/ ox=nG =9
Ax
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Damage in the refined model

. il ] _ | il | i
0.05 0.15 025 0.35 045 0.55 065 0.75 085 095 0.05 0.15 0.25 0.35 045 0.55 0.65 0.75 0.85 0.95
Dx* =0.00014 Dx" =0.0002¢ Dx =0.0001<

Experimental results afuenching tedby (Shao et ak011])

P = e e o .

| Smm
Temperature in the refined model Temperaturen the uniformmodel
_ . - H 400 440 .480 520 560 ? 24

320 360 400 440 480 520 560 600




Number of Cracks

14

12

10

Crack frequencygiagram

0.050.1 0.1:0.15 0.150.20 0.200.25 0.250.30 0.300.35 0.350.40 0.400.45

Crack Length [mm]

I Refined . Experiment (Shao et al (2011))
s D’Antuono & Morandini (2017) s Uniform

Comparison of the computational resources used
by uniform and refined models

Number of real nodes

Refined
Uniform Coarse Fine
r=0s 24971 3741 0
=10 s 1799 17000

Run time 2016.31s 817.60 s 25




Sloshingphenomenona

A Ocean Maritimeandcoastal engineering e lgallast tanks of ships
A Aerospace engineering and Propulssyatems
A Tuned liquid dampers

BALLAST-FREE
BULK CARRIER

SSSSS

deck

water line

ballust tank




The Peridynamic differential operator (PDDO)

A A new meskree method known as PDDO has beemposed bywadenciet
alin 2016and2017.

A Thecapability of this operator is twonstruct solution® ordinary and
partial differential equatiorandderivativesof scattered data e.gelocity
potential.

A Recasthe numericatiifferentiation up to an arbitrary ordtiirough
integration by using orthogonality propertiesR&ridynamidunctions.

A Field equation and itderivatives are valid everywheirethe
domain/boundaries.

A Obtaina unified solution for PDEwithout any special treatmeaot
derivative reductioprocess

26



Applying PDDO to liquid sloshing problems

A The derivatives of the scalar field (Potential flow) play an important role in
updating theaccuracy of velocities and geometry

A Installing baffles inside liquid tanks is also a crucial issue in liquid sloshing
problems.

27



PDDO formulation-1

By considering the Taylor series expansion of a scalar fidhkl) = f(x )
PDDOin a twodimensional domairx =(X, y) canbeconstructeds
2 200 g U ()

f(x+39
(6+9) B A P

R( X

n.,n =012
F=(X, ¥ =K -

If, R(X- 0, then

28



PDDO formulation-2
By multiplying Peridynamidunctionsg™®(s) , which possess an orthogonalisoperty,

and thenntegrating thenover the horizon of eaatode

f(x+3)g™™( plV =f( )x ﬁ;p () d¥ Elfug(—x) X, ﬁpxpy( ) d\&- —— fl(y) " g)’gqﬁ() dVv:

ﬁ
p

~1 2 ppy ﬁ(x) 4 Py Py ﬂ(x) Py
WH g™ @ave R A C e, T L

SincePeridynamidunctions, g™” possess an orthogonality property

1 ~ n, Dy ~ PxPy -
n ln I mXXX &/ g (3\)dv_ rkq WR’C
e Tl

2 20y

g"" @ =4 aaq a Wo (| B ¥

_0 qy

The weight function is constructed based on a Gaussian distribution as follows

W(Hsﬂ) — é(Z\ﬂ/d)z



PDDO formulation

By considering the Taylor series expansion of a scalar fidkl) = f(x 8)

onecan comput@erivatives explicitly:

Lo 1 3D
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Governing Lagrangian equations

A Foranirrotationalflow, potential
flow theory can beised:

u=b/

A For anincompressibldluid:

o |t~
—
w

B ol

PDu=0
A L
A Consequentlyyelocity potential has to satisfy the Laplaeguation:

p% =0 in W
Boundary conditions
Y o—nu On G,
HN
Dynamicfree surface boundagonditions (DFSBC)

d/
C{t =g(y F) *( 2N On G .



A Non-linear liquid sloshing under
harmonic excitation

g=9.81m/<, } =1000kg/m?

Periodicsinusoidakexcitation:

[ J Gauge B L]
\ L — T g Gauge A Gauge C
W OOEIO ~
20 mm . 20mm L

Dt =0.01s, w=10w, A=0.00Em 5m
W,— natural frequency of tank 7
Grid (PDDO):12x5 Grid (VOF): 114x64

300 mm

150 mm—
=
(8]
o
=
—

=150t

T

L _
The boundary condition values in terms of F | . |
unknowns
as(x.z)d'x- xz -2V & for z 2
j=1

X,z -z2)V  FAmsin ut for X

87 (x,2)4°(x

NIE ol

Xz -z)V  =Amin ut for ;x

4/ (x.2)d°(,

N
-
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o7
W)
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—
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=
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Probe A

Probe B

Probe C

Comparisons of the time series of surface elevation

0.08 . . : T

006 |- PDDO Numerical solution ~ ..... | L,,,,,,,,,,,,,,,j 77777777777777777777777777777
’ Liu & Lin (2008) Numerical solution - - - ‘ ! !

004 L Liu & Lin (2008) Experimental data  ococo | L R
: Liu & Lin (2008) Analytic solution |
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E
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Liu & Lin (2008) Numerical solution - - -
01 ™| Liu & Lin (2008) Experimental data  cooco |77 T T AR T T
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The Condition Number (CN) of the global stiffness matrix

5000

4500
4000
3500
3000

CN

2500
2000
1500

1000
CN :”kHZHk-le 502

0 1 2 3 4 5 6 7
Time (s)

| = PDDO Numerical solution — \\u et al (2016) |

A Thehistograptof the global stiffness matrix for ndimear liquid sloshing
under lateraéxcitation

A PDDO generates\aell-conditioned sparse system of equatiimtime in
comparisorwith local polynomial collocatiomethod.
34



A 2D liquid sloshing in a tank with a vertical baffle
L=1.0 m

H=05m
. | ]
The height of thdaffle;Q.% s s
. . . ., ®® ® 099 0000 Iz \Vi
PeriodicsinusoidaexGitatiine « o =
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Xr:-ASIHI/I/t RN EEEEX) r,rsj
® ¢o o e e oie o /0.75H i
e e ¢ o e ® @ @ L ‘ T
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e 0o 00 3300500 ) Fva
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Comparisons of the time series of surface elevation n at the right boundary of the tank.



A 3D nonlinear liquid sloshing under periodic excitations in a

square tank

L=B 4A.0m
H=05m
J =30

w, =4.4957 rad/

Periodic excitation:
u, = -Awcos(/)sin( w), u, =A Bin( )cos(t

X

w=091 A=0.006m Dt $0.01s

Grid: 14x14x5

PDDO:

980nodes are employed.

Local polynomial collocatiormethod:
1005no0desare employed.

- 1000 mm
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Comparison of the surface elevations obtained by the present method, polynomial
collocation method and the experimental data at the corner of the tank .

PDDO Numerical Solution === \Wu et al (2016) O  Experiment
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Conclusions

Fatigue crack propagation in structural components

We comparehree fatigue degradation strategiede used in the simulation of fatigue crack
propagation

Thethird fatigue degradation strategy Is the pansiong those investigated, for being used in BBPD
codes

Thecylinder model appears to provide reliable indicatiabeut the computational performance of
the fatigue laws

Crack phenomena due to thermal shocks

This study presentsn effective way to use a variable grid size in weakly couplednal shock
peridynamicmodel

Therefinementumerical method is equipped witlretch controcriterion to transform the grid

discretization adaptively in time. Hence, finer grid spacing is only applied in limited zones where
required
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Conclusions

Crack phenomena due to thermal shocks

The results confirm that the method is capable of producing the results of a staereydamic
model with uniform discretization at a mushaller computational cast

Sloshing of fluids in tanks.

PDDO iscapable to produceveell-conditioned system of equatiofor the problem which is
important for marching in time.

2D and3D challenging liquid sloshingroblems with strong non linearinhave been solved and the
results are compared with other numerical/analytical/experimental results in literature.

To further validate the method, we investigate liquid sloshing in rectangules containing vertical
baffles.

The newly proposetethod (PDDOJ)s unique in its combination ofigh accuracy, high stability and
low computational cost.
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