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Introduction to Peridynamics
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Introduction to Peridynamics: Fundamentals

The classical theory of solid mechanics:

• It is a local theory. 
• It assumes as body deforms it remains continuous.
• The stress state depends on the deformation at point.
• The equations of motion contain partial derivatives.

 The validity breaks down when singularities such 
as cracks come into the picture.

ρ = + divu T b
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Introduction to Peridynamics: Fundamentals

The Peridynamic theory:

• It is a nonlocal theory. 
• No a-priory knowledge about the crack initiation is 

required.
• Crack is free to arise and grow in every part of the 

structure.

 The theory is formulated free of partial 
derivatives and hence the equations of motion 
hold every where regardless of the 
discontinuities.

ρ ′ ′= − − +∫( , ) ( ( , ) ( , ), ) ( , )
x

i H
t t t dV tu x f u x u x x x b x
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Introduction to Peridynamics: Fundamentals
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The pairwise force function expresses the vector force 
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Introduction to Peridynamics: Fundamentals

The pairwise force function is defined for a linear elastic material, by means of the following 
expression (considering a planer state): 
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→     Module of elasticity

→     Fracture Energy
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Introduction to Peridynamics: Discretization

In the numerical implementation of the Peridynamic approach, the body is discretized into grid 
points called nodes. 

Discretized equation of motion : 

ρ β= − − +∑ ( , )n n n n
i j i j i j j i

j

Vu f u u x x b

Small deformation assumption: 
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Introduction to Peridynamics: Some issues

Xp

Xq

Г

Ω

 It requires nonlocal integrations and multiple 
interaction of a material point with multiple 
neighbors which contributes to a significant 
computational cost in comparison to 
conventional methods based on the local theory 

 It suffers from the surface effect problem

 It requires a dense discretization of the solution 
domain as it inherits a nonlocal dispersion effect
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The coupling technique
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The coupling technique: the main idea

The main idea is to couple a meshless Peridynamic method with a meshless method based on 
the classical continuum theory to restrict the application of the nonlocal theory to the 

necessary parts (cracked parts) of the solution domain.

Concerns: 

 To preserve the meshless features of the method (No introduction of interface 
elements).

 To be simple and free of any blending function and numerical artifacts.

 To to be free of surface effect close to the interface region

 To be free from ghost forces in in interface region 

 Coupling with a strong form meshless method with cheap computational cost
FPM & MLEBF
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The coupling technique: the main idea
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The coupling technique: the main idea
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The coupling technique: the main idea
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Layer a – PD:

𝜌𝜌𝐮̈𝐮𝑎𝑎𝑛𝑛 = ⋯𝜇𝜇𝑎𝑎𝑎𝑎1
𝑛𝑛 𝐟𝐟𝑎𝑎𝑎𝑎1

𝑛𝑛 + 𝜇𝜇𝑎𝑎𝑎𝑎2
𝑛𝑛 𝐟𝐟𝑎𝑎𝑎𝑎2

𝑛𝑛 + ⋯
𝜇𝜇𝑎𝑎𝑎𝑎𝑛𝑛 𝐟𝐟𝑎𝑎𝑎𝑎𝑛𝑛 + 𝜇𝜇𝑎𝑎𝑏𝑏1

𝑛𝑛 𝐟𝐟𝑎𝑎𝑏𝑏1
𝑛𝑛 + 𝜇𝜇𝑎𝑎𝑏𝑏2

𝑛𝑛 𝐟𝐟𝑎𝑎𝑏𝑏2
𝑛𝑛 + ⋯+ 𝐛𝐛𝑎𝑎𝑛𝑛

Layer b – Transition PD:

𝜌𝜌𝐮̈𝐮𝑏𝑏𝑛𝑛 = ⋯𝜇𝜇𝑏𝑏𝑏𝑏𝑛𝑛 𝐟𝐟𝑏𝑏𝑏𝑏𝑛𝑛 + ⋯+ 𝜇𝜇𝑏𝑏𝑏𝑏1
𝑛𝑛 𝐟𝐟𝑏𝑏𝑏𝑏1

𝑛𝑛 + 𝜇𝜇𝑏𝑏𝑏𝑏2
𝑛𝑛 𝐟𝐟𝑏𝑏𝑏𝑏2

𝑛𝑛 + ⋯
+𝜇𝜇𝑏𝑏𝑏𝑏𝑛𝑛 𝐟𝐟𝑏𝑏𝑏𝑏𝑛𝑛 + 𝜇𝜇𝑏𝑏𝑐𝑐1

𝑛𝑛 𝐟𝐟𝑏𝑏𝑐𝑐1
𝑛𝑛 + 𝜇𝜇𝑏𝑏𝑐𝑐2

𝑛𝑛 𝐟𝐟𝑏𝑏𝑐𝑐2
𝑛𝑛 + ⋯𝐛𝐛𝑏𝑏𝑛𝑛

𝐟𝐟𝑖𝑖𝑖𝑖𝑛𝑛 = 𝐤𝐤𝑖𝑖𝑖𝑖11𝐮𝐮𝑖𝑖𝑛𝑛 + 𝐤𝐤𝑖𝑖𝑖𝑖21𝐮𝐮𝑗𝑗𝑛𝑛
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The coupling technique: the main idea
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Layer c – Transition FPM:
𝜌𝜌𝐮̈𝐮𝑐𝑐𝑛𝑛 = ⋯+ ̅𝐟𝐟𝑐𝑐𝑐𝑐 + ⋯+ ̅𝐟𝐟𝑐𝑐𝑐𝑐 + ̅𝐟𝐟𝑐𝑐𝑐𝑐1 + ̅𝐟𝐟𝑐𝑐𝑐𝑐2

+⋯𝐛𝐛𝑐𝑐𝑛𝑛

Layer d – FPM:

𝜌𝜌𝐮̈𝐮𝑑𝑑𝑛𝑛 = ⋯+ ̅𝐟𝐟𝑑𝑑𝑑𝑑 + ̅𝐟𝐟𝑑𝑑𝑑𝑑1 + ̅𝐟𝐟𝑑𝑑𝑑𝑑2 …𝐛𝐛𝑑𝑑𝑛𝑛

̅𝐟𝐟𝑖𝑖𝑖𝑖 = (𝐒𝐒𝐓𝐓𝐃𝐃𝐃𝐃𝐍𝐍𝑗𝑗)|𝒙𝒙𝑖𝑖𝐮𝐮𝑗𝑗𝑛𝑛
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The coupling technique: Patch test

Rigid body motion: Translation and rotation 

m δ= ∆

→ Ghost forces are negligible 
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The coupling technique: Example (Surface effect)

Coupled I, m=2 Coupled II, m=3

Peridynamic I: 961 nodes, Peridynamic II: 14641 Nodes, Coupled I & Coupled II: 961 Nodes 
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Dynamic fracture analysis



How to extend FPM to solve transient elastodynamic problems?

How to satisfy the traction boundary conditions explicitly in time?

How to solve the problem with uncoupled system of equations similar to PD?

Static configuration: 

𝑡𝑡 = 𝑡𝑡0
𝑡𝑡 = 𝑡𝑡𝑓𝑓

Adaptive configuration: 

𝑡𝑡 = 𝑡𝑡0 𝑡𝑡 = 𝑡𝑡𝑓𝑓
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Dynamic fracture analysis: Domain Partitioning



Arman Shojaei, Mirco Zaccariotto and Ugo Galvanetto, University of Padova, Padova, Italy

Dynamic fracture analysis:  Domain partitioning

5 210 N mE =

0.25ν =

31kg mρ =

0.125mx∆ =

4mH =

2mD =
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Dynamic fracture analysis:  Domain partitioning 

Adaptive switching 

 
 

q1 q2 q3

q4 q5 q6 q7

Monitoring cloud of critical nodes

𝜒𝜒𝑠𝑠0 ≤ 𝑠𝑠′𝑖𝑖𝑖𝑖
𝑛𝑛 < 𝑠𝑠0, 0 ≤ 𝜒𝜒 ≤ 1 𝑠𝑠′𝑖𝑖𝑖𝑖

𝑛𝑛 =
|𝐮𝐮𝑖𝑖𝑛𝑛 − 𝐮𝐮𝑗𝑗𝑛𝑛|

|𝐱𝐱𝑖𝑖𝑖𝑖|
Critical stretch 

New critical nodes
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Dynamic fracture analysis:  Benchmark examples

Pre-cracked plate: 

Duran 50 glass 
Time Duration: 46 μs

A PD-only model by Ha & Bobaru 2010 using 
64,000 nodes

Ha, Y.D., Bobaru, F.: Studies of dynamic crack propagation and 
crack branching with peridynamics. Int. J. Fract. 162, 229–244 

(2010).
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Dynamic fracture analysis:  Benchmark examples

Pre-cracked plate: 

Model I
Static Partitioning

∆=1 mm; 4242 Nodes

Model II
Adaptive Partitioning
∆=1 mm; 4242 Nodes 

𝜒𝜒=0.6

Model III
Adaptive Partitioning
∆=1 mm; 4242 Nodes

𝜒𝜒=0.8
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Dynamic fracture analysis:  Benchmark examples

Pre-cracked plate: 

Model Portion of 
Peridynamic nodes 

at 
at t=0

Portion of 
Peridynamic nodes 

at t=46 µs

CPU Time
(s)

Model I 59 % 59 % 2362.78
Model II 9 % 29.4 % 1256.80
Model III 9 % 25.69 % 1207.52
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Ref 

Model I Model II Model III

System Properties: Intel® Core™ i7-3770 CPU @ 3.40 GHz ;Ram: 6 GB; Windows 7 Professional
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Dynamic fracture analysis:  Benchmark examples

Kalthoff-Winkler’s Experiment:

32m/s

Kalthoff, J. F. (2000). Modes of dynamic shear failure 
in solids. International Journal of Fracture, 101(1/2), 

1–31

≈ 70∘Observed in the experiment
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Dynamic fracture analysis:  Benchmark examples

Kalthoff-Winkler’s Experiment:

67.5∘

FPM Nodes: 66667
82.5%

PD Nodes: 14135
17.5%

Total Nodes: 80802 
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Conclusions and perspectives 
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Conclusions and perspectives: Remarks

• A new coupling technique to couple a Peridynamic meshless method with a 
conventional meshless method is introduced. 

• The coupling is done in a complete meshless style preserving the originality of both 
formulations.

• The coupling is done so that no ghost forces emerge in the transition part. 

• The way of coupling is simple, and it does not introduce any numerical artifact.

• The coupling technique is capable of being used in an adaptive style

• The coupled method is capable to reproduce the solution of a Peridynamic-only model 
more efficiently.  
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Conclusions and perspectives: Perspectives

• To extend the work to 3D problems through a rebuts software implementation 
• To equip the Finite Element Method (FEM), inspired by the present study, for dynamic 

failure analysis; to be useful for being implemented in a commercial software (ABAQUS)   

Dual adaptive coupling of FEM and PD Multiple branching
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Conclusions and perspectives: Perspectives
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Thank you very much

Any Question? 
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